Abstract. Let X be a smooth complex projective curve of genus g ≥ 3. Let M2 be the moduli space of semistable rank 2 Higgs bundles with trivial determinant over X. We construct a desingularization S of this singular moduli space as a closed subvariety of a bigger moduli space. The main purpose of this paper is to prove that S is a nonsingular variety containing the stable locus of M2 as an open dense subvariety. On the other hand, there is another desingularization K of M2 by Kirwan's algorithm. Following O'Grady's argument, a nonsingular variety Kǫ can be obtained after two blow-downs of K. There is no known information on the moduli theoretic meaning of Kǫ. As an application of our main result, we show that Kǫ is isomorphic to S. Using this application, we can also get a conjectural closed formula for Poincaré series of S.
Introduction
Let X be a smooth projective curve of genus g ≥ 3 over C throughout the paper.
Recently the birational geometry of various moduli spaces have become one of the main interests in algebraic geometry. It can be applied to construct new examples or to compute various invariants and so forth. On the moduli space of Higgs bundles over an algebraic curve, there have been a few developments in this direction. We can see some of them in [4] , [6] and [13] .
First of all, we review a result on the moduli space of vector bundles over an algebraic curve, that was done by C.S. Seshadri. Let N be the moduli space of semistable rank 2 vector bundles over X with trivial determinant. It is known that N has singularities along N \ N s where N s is the stable locus of N. In [17] and [18] , a nonsingular varietyÑ was constructed together with a canonical morphismÑ → N which is an isomorphism on N s .Ñ is indeed a closed subvariety of the moduli space of stable rank 4, degree 0 parabolic vector bundles over X with respect to a divisor x 0 on X with sufficiently small weights.
In this paper, we use Seshadri's approach to get a desingularization of a moduli space of Higgs bundles over X. Let M 2 be the moduli space of semistable rank 2 Higgs bundles over X with trivial determinant. It is also known that M 2 has singularities along M 2 \M s 2 where M s 2 is the stable locus of M 2 (See [12] or [20] for the details). Along the line of Seshadri's method 1 in [18] , we construct a desingularization S of M 2 . We prove the following result.
Theorem 1 (Corollary 4.13). S is nonsingular. Furthermore, there is a canonical morphism π S : S → M 2 which is an isomorphism on M s 2 .
Let M par 4,(a 1 ,a 2 )
be the moduli space of semistable rank 4, degree 0 parabolic Higgs bundles over X with respect to a divisor x 0 for a fixed x 0 ∈ X with weights (a 1 , a 2 ). We choose sufficiently small weights (a 1 , a 2 ) so that M Here M (2) is the C-algebra of 2 × 2 matrices with entries in C.
For the proof of the first statement of Theorem 1 (Corollary 4.13), we first show that there exists a bijection between M s 2 and S ′ (Theorem 3.7). Furthermore using the Zariski's main theorem, we deduce that this bijection is an isomorphism. Next, we define a moduli functor par − Higgs sp 4,(a 1 ,a 2 ) of S, which is the sub-functor of the moduli functor par − Higgs 4,(a 1 ,a 2 ) of M par,s 4,(a 1 ,a 2 ) parametrizing all families of stable parabolic Higgs bundles equipped with specializations of M (2) on the endomorphism algebras of the underlying Higgs bundles. Roughly speaking, the specialization of M (2) is a limit structure of C-algebra structures of M (2) (See §2. 4 for the details). Then we show that par − Higgs is formally smooth (Corollary 4.11). To see this, we consider the morphism of functors Φ : par − Higgs sp 4,(a 1 ,a 2 ) → S 2 which maps a family of stable parabolic Higgs bundles to the family of endomorphism algebras of the underlying Higgs bundles, where S 2 is the functor parametrizing all families of specializations of M (2). We show that Φ is formally smooth (Proposition 4.10). The key step for the proof of this is a classification of transitions and local Higgs fields of the underlying Higgs bundles of all elements in par − Higgs sp 4,(a 1 ,a 2 ) (Spec C), which is obtained from the defining relations of the endomorphism algebras of the underlying Higgs bundles (Proposition 4.9). Finally we see that S is a fine moduli scheme of par − Higgs (Proposition 4.12). Then we conclude that S is nonsingular.
The proof of the second statement of Theorem 1 (Corollary 4.13) is contained in the proof of Corollary 4.13.
There is an interesting application of Theorem 1 (Corollary 4.13). Let K be Kirwan's desingularization of M 2 (See §5 in this paper, [11] or [12] for the details). Following O'Grady's argument in [15] and [16] , a nonsingular variety K ǫ can be obtained after two blow-downs of K. But there is no known information on the moduli theoretic meaning of K ǫ . The first author of [10] asked how we can provide the moduli theoretic meaning of K ǫ . We prove the following result.
Theorem 2 (Theorem 5.1). K ǫ ∼ = S. This is an answer for the problem suggested by the first author of [10] . A similar work was already succesfully completed on N in [10] .
Using Theorem 2 (Theorem 5.1) and explicit descriptions of K and the first blow-down of K as blow-ups, we can get a conjectural closed formula of Poincaré series of S and then we have conjectural Betti numbers of S in all degrees.
Here is an outline of this paper. In §2, we recall basic facts about Higgs bundles, Parabolic Higgs bundles, Specialization of M (r) and Upper semicontinuity for the complex of flat families of coherent sheaves. In §3, we show that there exists a bijective correspondence between stable Higgs bundles of rank r and stable parabolic Higgs bundles of rank r 2 with an endomorphism algebra of the underlying Higgs bundles as a specialization of M (r). In §4, we construct S and then prove Theorem 1. In §5, we prove Theorem 2 as an application of Theorem 1. In §6, using Theorem 2, we provide a strategy for the computation of a conjectural closed formula of Poincaré series of S.
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Preliminaries
In this section, we recall some basic facts about Higgs bundles, Parabolic Higgs bundles, Specialization of M (r) and Upper semicontinuity for the complex of flat families of coherent sheaves, which will be useful throughout this paper.
Higgs bundles.
Let r be an integer with r ≥ 2. A Higgs bundle of rank r is a pair of a rank r vector bundle E with trivial determinant and a section φ of H 0 (X, End 0 E ⊗K X ) where K X is the canonical bundle of X and End 0 E denotes the traceless part of EndE. To construct the moduli space of Higgs bundles, a stability condition has to be imposed and C. Simpson introduced the following (See [20] ). (2) A Higgs bundle (E, φ) is polystable if it is either stable or a direct sum of stable Higgs bundles.
A morphism of Higgs bundles from (E, φ) to (F, ψ) is a morphism of vector bundles g : E → F such that ψg = (g ⊗ id K X )φ, denoted by g : (E, φ) → (F, ψ). Throughout this paper, the space of morphisms of Higgs bundles from (E, φ) to (F, ψ) is denoted by Hom((E, φ), (F, ψ)). In particular, Hom((E, φ), (E, φ)) is denoted by End((E, φ)). We call (F, ψ) a Higgs subbundle of (E, φ) if there is an injective morphism of Higgs bundles (F, ψ) ֒→ (E, φ).
Let S be a scheme of finite type over C. Let p 1 : X × S → X and p 2 : X × S → S be the projections onto the first and the second components respectively. A pair (E, ϕ) of a vector bundle E on X × S and a morphism ϕ : E → E⊗p * 1 K X of vector bundles is a family of (semi)stable Higgs bundles on X × S if E is flat over S and if the restrictions (E s , ϕ s ) to the geometric fibers X × {s} are (semi)stable Higgs bundles on X.
Let (E, ϕ) be a family of (semi)stable Higgs bundles on X × S and let {(U i , z i )} be a pair of an open cover and local coordinate of X such that
The set of isomorphism classes of polystable Higgs bundles of rank r admits a structure of irreducible normal quasi-projective variety of dimension (r 2 − 1)(2g − 2) [8, 14, 20] and we denote it by M r . The locus M s r of stable Higgs bundles in M r is a smooth open dense subvariety of M r . Further, M 2 \ M s 2 is the locus of singularities, isomorphic to T * J/Z 2 where J = Pic 0 (X) is the Jacobian of X and Z 2 acts on the cotagent bundle
By [20] , any Higgs bundle can be thought of as a coherent sheaf on the cotangent bundle T * X = Spec(S • (T X )). Let Z = Proj(S • (T X ⊕ O X )) and let D = Z − T * X be the divisor at infinity. The projection T * X → X extends to a map π : Z → X. Choose a positive integer k so that
by the projection formula and the fact that π| T * X is affine. Furthermore, by virtue of [3] , we can describe Supp(E) explicitly as a spectral curve. Lemma 2.2 (Lemma 6.8 in [20] and Proposition 3.6 in [3] ). (1) A Higgs bundle (E, φ) on X is the same thing as a coherent sheaf E on Z such that π * E = E and Supp(E) ∩ D = ∅. This identification gives an equivalence of categories.
(2) The notions of semistability and stability for a Higgs bundle (E, φ) on X are the same as the corresponding notions for the coherent sheaf E on Z associated to (E, φ) in (1). (3) Any coherent sheaf E on Z associated to (E, φ) is of pure dimension 1.
, there is a bijective correspondence between isomorphism classes of line bundles E on X s and isomorphism classes of Higgs bundles (E, φ) of rank r with coefficients s i of the characteristic polynomial of φ where the correspondence is given by (1) and the spectral curve X s is defined by
The following fact will be used later in this paper.
Lemma 2.3. Let E be the coherent sheaf of pure dimension 1 on Z corre-
where x 0 is a point of X, ι
Proof. We may assume that X = Spec(A), T * X = Spec(B) and π : Spec(B) → Spec(A). Let M be A-module and B-module, that is, M isÃ-module and π * B -module. Let p be a prime ideal of A corresponding to x 0 .
On Spec(A),
This completes the proof of the first statement. From Lemma 2.2-(4), Supp(E) is the spectral curve X s given by a polynomial of degree rk (E) and E is a line bundle on Supp(E), where s comes from the characteristic polynomial of φ. Since
we see that dim Supp(ι f, * (E| f )) = 0 and length(Supp(ι f, * (E| f ))) = rk (E). This completes the proof of the second statement.
Deformation theory of Higgs bundles.
Let (E, φ) be a Higgs bundle. Let End(E, φ) be the two-term complex on X given by
Similarly, let Hom((E ′ , φ ′ ), (E, φ)) be the complex
Then we have the following.
Theorem 2.4 ( §7 in [14] and (3.1)-(3.2) in [7] ). (1) End((E, φ)) = H 0 End(E, φ).
The space of infinitesimal deformations of (E, φ) is the first hypercohomology group H 1 End(E, φ).
Here an extension of (E ′ , φ ′ ) by (E, φ) is a Higgs bundle (E ′′ , φ ′′ ) which fits into the following commutative diagram
where each row is a short exact sequence.
2.3. Parabolic Higgs bundles. Let r, n be integers with r ≥ 2 and n ≥ 2. Let x 0 be a point of X. A parabolic bundle of rank n on X, denoted E * , with multiplicities (k 1 , k 2 , · · · , k l ) and weights (a 1 , a 2 , · · · , a l ) is a vector bundle E of rank n and degree 0 on X together with a filtration
Then the real number par deg (E * ) :
Let E * and E ′ * be parabolic bundles on X with weights 0
If E * is a parabolic bundle on X with a filtration
and weights (a 1 , a 2 , · · · , a l ) and F is a subbundle of E, then a parabolic subbundle F * of E * is given by the filtration
, and the weights
Definition 2.5. A parabolic Higgs bundle (E * , φ) of rank n is a pair of a parabolic bundle E * of rank n and a morphism of parabolic bundles φ : 
Let S be a scheme of finite type over C. From now on, assume that l = 2 and (k 1 , k 2 ) = (1, n − 1). We write (E * , φ) as (E, φ, s) where F 2 (E) is the hyperplane defined by s ∈ P(E| ∨ x 0 ). If F * is a parabolic subbundle of E * , then we write F * as (F, s F ) where
. A triple (E, ϕ, σ) of a vector bundle E on X × S, a morphism ϕ : E → E ⊗ p * 1 K X of vector bundles and a section σ ∈ P(E| ∨ {x 0 }×S ) is a family of (semi)stable parabolic Higgs bundles on X × S if E is flat over S, E| {x 0 }×S has a filtration
is a vanishing locus of σ and ker(E → E| {x 0 }×S /F 2 (E)) is flat over S, and if the restrictions (E t , ϕ t , σ t ) to the geometric fibers X × {t} are (semi)stable parabolic Higgs bundles on X.
Definition 2.7. For each scheme S of finite type over C, set par−Higgs n,(a 1 ,a 2 ) (S) = {(E, ϕ, σ)|(E, ϕ, σ) is a family of semistable parabolic Higgs bundles on X × S with the following properties}/ ∼ such that (i) for every geometric point t ∈ S, the restriction (E t , ϕ t , σ t ) is a semistable parabolic Higgs bundle of rank n on X with weights 0 < a 1 < a 2 < 1 and
Here par − Higgs n,(a 1 ,a 2 ) is a contravariant functor from the category of schemes of finite type over C to the category of sets. par − Higgs s n,(a 1 ,a 2 ) denotes the sub-functor of par − Higgs n,(a 1 ,a 2 ) consisting of all families of stable parabolic Higgs bundles. and M par,s n,(a 1 ,a 2 ) is a fine moduli scheme.
(2) For each geometric point s ∈ S, there exists a natural bijection
Proof. The only nontrivial part is the second statement in (1) . It suffices to show that every stable parabolic Higgs bundle (E, φ, s) is 1-stable (The definition is given in [21] ), that is, every nonzero subbundle F of E has a degree ≤ rk (F ).
Let F 2 (E) be the hyperplane given by s. Let F be a subbundle of E. If
2.4. The set of specialization of M (r) and its canonical subschemes. This subsection will be useful in §4 and §5. Let M (r) be the C-algebra of r×r matrices with entries in C. Fix a nonzero element e 0 ∈ C r 2 . Let A(r) be the set of elements in Hom(C r 2 ⊗C r 2 , C r 2 ) which gives us an algebra structure on C r 2 with the identity element e 0 . There is a subset of A(r) which consists of algebra structures on C r 2 , isomorphic to the matrix algebra M (r). Let A r be the Zariski closure of this subset. An element in A r is called a specialization of M (r). Note that there exists a locally free sheaf W of O Ar -algebras on A r such that for each z ∈ A r , W | z ⊗ C is the specialization of M (r) represented by z.
A family of specializations of M (r) parametrized by a noetherian Cscheme T is an O T −algebra B such that for all t ∈ T there is a neighborhood T 1 of t and a morphism f :
Let S r be the functor from the category of schemes of finite type over C to the category of sets which to each C-scheme T associates the set of isomorphism classes of families of specializations of M (r) parametrized by T . It is known that S r is represented by A r and A 2 is smooth (See Chapter 5-I in [18] ).
To define the canonical subschemes of A 2 , we need the concept of generalized conic bundle in the sense of [2] as follows.
Definition 2.9. Let Y be a variety. A generalized conic bundle C on Y is defined by (a) a vector bundle V on Y of rank 3 and (b) a closed subscheme C of P(V ) over Y , such that, given y ∈ Y , there exists a neighborhood U of y, where C ∩ p −1 (U ) is defined by q = 0, q ∈ H 0 (p −1 (U ), H 2 ), H being the tautological line bundle for p :
By Definition 2.9, C is an effective Cartier divisor. Then it corresponds to a section of a line bundle θ on P(V ). Locally over Y , θ and H 2 coincide. Thus by the "see-saw" theorem (cf. Mumford's Abelian varieties), there exists a
It is locally as the usual discriminant of a quadratic form. The degeneracy locus of C is given by ∆ = 0.
We introduce subschemes on Y . For i = 1, 2, 3, set
We call Y i the canonical subschemes associated to the degenerate loci of the conic bundle C on Y .
On A 2 , we have the following proposition from [2] .
Proposition 2.10. W gives a generalized conic bundle Q on A 2 .
Then we have the canonical subschemes
associated to the degenerate loci of the conic bundle Q on A 2 .
2.5.
Upper semicontinuity for the complex of flat families of coherent sheaves. The following fact will be used in the proof of Proposition 4.10 and Proposition 5.2.
Theorem 2.11. Let f : X → Y be a projective morphism of noetherian schemes and F • be a complex of coherent sheaves on X such that
is the 0th hypercohomology of the complex F • y . Proof. It is well-known that there are two spectral sequences abutting to
) is the qth cohomology of the complex
It is also well-known that
is an upper semicontinuous function on Y .
Higgs bundles and Parabolic Higgs bundles
In this section, we show that there exists a bijection set-theoretically between M s r and a subset of M par,s r 2 ,(a 1 ,a 2 )
along the line of Seshadri's arguments in Chapter 5. of [18] . Proposition 3.1. There exist a 1 and a 2 such that whenever n ≤ r 2
Proof. Use the same argument as Chapter 5, Lemma 5 in [18] .
(ii) Let (E, φ, s) be an element of par −Higgs n,(a 1 ,a 2 ) (Spec C) and let F be a φ-invariant subbundle of E.Then we have parµ
Let (E, φ) be a semistable Higgs bundle of rank n on X. Then it is easy to see that (E, φ) has a Jordan-Hölder filtration
Then we have
Lemma 3.2. Every semistable Higgs bundle (E, φ) contains a unique nontrivial maximal φ−invariant subbundle P S(E) of E such that (P S(E), φ| P S(E) ) is a polystable Higgs bundle and µ(P S(E)) = µ(E).
Proof. Any semistable Higgs bundle (E, φ) admits a Jordan-Hölder filtration. Thus there always exists a φ-invariant proper subbundle E 1 such that (E 1 , φ| E 1 ) is stable and µ(E 1 ) = µ(E). By the Zorn's Lemma, there is at least one nontrivial maximal φ−invariant subbundle P S(E) of E such that (P S(E), φ| P S(E) ) is a polystable Higgs bundle and µ(P S(E)) = µ(E). Assume that there are two maximal polystable Higgs bundle (P S 1 (E), φ| P S 1 (E) ) and (P S 2 (E), φ| P S 2 (E) ). And assume that the uniqueness has been proved for all semistable pair (E ′ , φ ′ ) with rk (E ′ ) < rk (E). Both of (P S 1 (E), φ| P S 1 (E) ) and (P S 2 (E), φ| P S 2 (E) ) contain the stable Higgs bundle (E 1 , φ| E 1 ). Note that the induced Higgs bundle (E/E 1 , φ E/E 1 ) is semistable with µ(E/E 1 ) = µ(E). Then by induction hypothesis,
Remark 3.3 ([9], Lemma 1.5.5). Let E be the coherent sheaf on Z corresponding to (E, φ) such that Supp(E) ∩ D = ∅ using Lemma 2.2. Then E contains a unique nontrivial maximal subsheaf P S(E) of E such that P S(E) is a polystable sheaf and P P S(E) = P E . Furthermore we can write
where F i is a stable sheaf satisfying that P F i = P E and
Then we have the following series of consequences.
Proposition 3.4 ([18], Chapter 5, Proposition 7)
. Let (E, φ) be a semistable Higgs bundle of rank n on X. Then (E, φ, s) ∈ par − Higgs s n,(a 1 ,a 2 ) (Spec C) if and only if for all stable Higgs bundles (F, ψ) such that µ(F ) = µ(E) and all integers s > rk (F ) there is no injective morphism of Higgs bundles i : (F ⊕s , ψ ⊕s ) ֒→ (E, φ).
Proof. The proof of the if part is nontrivial. Suppose that for all stable Higgs bundles (F, ψ) such that µ(F ) = µ(E), all integers s > 0 and all injective morphism of Higgs bundles i : (F ⊕s , ψ ⊕s ) ֒→ (E, φ) we have s ≤ rk (F ). It suffices to show that for all φ−invariant subbundle F of E such that (F, φ| F ) is a stable Higgs bundle and µ(F ) = µ(E) there exists a hyperplane
Assume that the previous statement is true. If
If F is a φ−invariant proper subbundle of E such that µ(F ) = µ(E) and (F, φ| F ) is a semistable Higgs bundle, then there exists a hyperplane
and φ is parabolic. In this case we have also
It remains to find the hyperplane F 2 (E) of E| x 0 satisfying that F | x 0 F 2 (E) and φ is parabolic, which is equivalent to find the φ-invariant sub-
where ι x 0 , * : {x 0 } ֒→ X is the inclusion and F 2 (E) is a hyperplane of E| x 0 . Note that ι x 0 , * (E| x 0 ) is of pure dimension 0.
Let E be the coherent sheaf of pure dimension 1 on Z corresponding to (E, φ) such that Supp(E)∩D = ∅ using Lemma 2.2.
Then, by Lemma 3.2 and Remark 3.3, every stable Higgs bundle subbundle (F, φ| F ) of (E, φ) such that µ(F ) = µ(E) is isomorphic to (F i , ψ i ) for some i and that the corresponding stable subsheaf F of E on Z such that P F = P E is isomorphic to F j for some j.
We can assume that (F, φ| F ) = (F i , ψ i ) and
where ι f : f ֒→ T * X is the inclusion of f and ι x 0 : {x 0 } ֒→ X is the inclusion of {x 0 }. It means that ι f, * (E| f ) is the coherent sheaf of pure dimension 0 on Z corresponding to (ι x 0 , * (E| x 0 ), ι x 0 , * (φ| x 0 )). Let
, which completes the proof.
Proposition 3.5 ([18], Chapter 5, Proposition 8).
Let (E, φ, s) be an element of par − Higgs s n,(a 1 ,a 2 ) (Spec C) and let M (r) be the C-algebra of r × r matrices with entries in C. Then dim C End((E, φ)) ≤ n. Moreover End((E, φ)) ∼ = M (r) of C-algebras and n = r 2 if and only if there exists a stable Higgs bundle
Proof. The only if part is obvious. For the proof of the if part, suppose that (E, φ) be a semistable Higgs bundle of rank n on X which corresponds to a stable coherent sheaf E such that Supp(E) ∩ D = ∅. Choose two φ-invariant hyperplanes H 1 and H 2 of E| f that make (E, φ) parabolic Higgs bundles (E 1 , φ 1 , s 1 ) and (E 2 , φ 2 , s 2 ) respectively. The group
Since every stable parabolic Higgs bundle is simple, the stabilizer of a point in
, that is, H 1 and H 2 give an isomorphism of parabolic Higgs bundles (E 1 , φ 1 , s 1 ) and (E 2 , φ 2 , s 2 ).
As a result, we have the following.
Theorem 3.7. Assume that a 2 < r −2 as Proposition 3.1. Let
Then there exists a bijection
set-theoretically where s can is a canonical section so that (F ⊕r , ψ ⊕r , s can ) ∈ M par,s r 2 ,(a 1 ,a 2 )
from Proposition 3.4.
Proof. The definition and well-definedness is from Proposition 3.4, Proposition 3.5 and Proposition 3.6. The surjectivity is from Proposition 3.5. The injectivity is from Proposition 3.6.
The construction of a desingularization of M 2
In this section, we construct a desingularization of M 2 . Fix a 2 < r −2 as Proposition 3.1. Let par − Higgs
be the sub-functor of par − Higgs r 2 ,(a 1 ,a 2 ) consisting of all families of stable parabolic Higgs bundles such that for each C-scheme T and each (E, ϕ, σ) ∈ par − Higgs r 2 ,(a 1 ,a 2 ) (T ), p T * End((E, ϕ)) ∈ S(T ). (Spec (C)). First of all, we have the following useful fact from [18] . We list some Lemmas inspired from [17] and [18] before the conclusion in this subsection. 
The values of transitions and local Higgs fields of the underlying Higgs bundle from par−Higgs
Proof. Choose any point x ∈ X. We have the following short exact sequence of complexes
Then we have the following long exact sequence
Since µ(E) > µ(E(−x)) and both of (E, φ) and
We also have the following long exact sequence
Let E be the coherent sheaf of pure dimension 1 on Z corresponding to (E, φ) such that Supp(E) ∩ D = ∅ using Lemma 2.2 and let Proof. From the proof of Proposition 3.6, the stabilizer of any point in
Let A = End((E, φ)). For any x ∈ X, we consider (E| x , φ| x ) as a left A-module. Then (E| x , φ| x ) can be identified with A ∨ r where A r denotes the right A-module.
Proof. Since (E, φ) is semistable, by Lemma 4.2, the canonical map
is injective for any x ∈ X. Now (E| x , φ| x )) acquires a natural A-module structure.
Consider the linear map ϕ e : A r → E| ∨ f given by λ → eλ. Then ϕ e is a homomorphism of A-modules. Since Aut((E, φ)) acts on E| ∨,s f transitively from Lemma 4.3, ϕ e is surjective onto E| ∨,s f . Further, since dim A r = dim E| ∨ f , ϕ e is an isomorphism.
Then we have the following conclusions. Proposition 4.5. Let (E, φ, s) ∈ par − Higgs n,(a 1 ,a 2 ) (Spec (C)) such that dim (End((E, φ) )) = n.
Let
An element ρ ∈ End((E, φ)) is given by morphisms ρ i : φ) ) as a sub-algebra of M (n). By this identification, we can write
Proposition 4.6. Let H be the O Spec (A) -algebra of p A * (End((E, φ)))-endomorphisms of (E| {x 0 }×Spec (A) , φ| {x 0 }×Spec (A) ) and let G be a sheaf of groups of invertible elements of H on Spec (A). H (resp. G) is isomorphic to p A * (End((E, φ)) op ) (resp. sheaf of groups of invertible elements of
on Spec (A)). Moreover, the values of transitions and local Higgs fields of (E, φ) are in G and H respectively. a 2 ) . In this subsection, we prove that par − Higgs sp 4,(a 1 ,a 2 ) is formally smooth. First of all, we introduce formally smooth morphism of functors. Let A be the category of local artinian commutative C-algebras with residue field C. Let F and G be covariant functors from A to the category of sets. Then we have the following definitions. 
there exists an element γ ∈ F(A ′ ) such that
From
We claim that Φ is formally smooth and then we can see that par − Higgs 
where E is the coherent sheaf on Z associated to (E, φ) in Lemma 2.2. From Exercise 16. in Chapter 7. in [1] , it suffices to show that the stalk (
The second one is about a classification of transitions and local Higgs fields of all elements in par − Higgs sp 4,(a 1 ,a 2 ) (Spec (C)). For i = 1, 2, 3, let S 2,i be the sub-functor of S 2 given by S 2,i (T ) = {B ∈ S 2 (T )|For all t ∈ T there is a neighborhood T 1 of t and a morphism f :
for each C-schemes T . Here (A 2 ) i was defined in §2.4. Then we have a filtration of functors (Spec (C) ). Then the underlying Higgs bundle (E, φ) is given by one of the following type of pairs of transitions and local Higgs fields : 4,(a 1 ,a 2 ) (Spec (C)), then End((E, φ)) ∼ = C + q where C + q is the algebra of the even degree elements of the Clifford algebra associated to the quadratic form q of rank 2 on a 3-dimensional vector space. Let A = C + q for this q. It is known that A has generators x, w, u and v with the following defining relations
The left regular representation of A is given as follows :
Then the left regular representation of A is given by
Let A l be the left A-module whose underlying vector space is A, where the A-action is the left multiplication. Let A ∨ l be the dual of A l . Then A ∨ l acquires a canonical algebra structure by compositions of transposes of left multiplications. The algebra relations for A ∨ l are also defined by (4.1) so that
where A op is the opposite algebra of A and A ∨ r is the dual of the right regular representation of A.
Let C(A) × be the group of invertible elements in C(A). We know that C(A) is the algebra of A-endomorphisms in End(A ∨ r ). The algebra of A rendomorphisms is A l . Therefore, C(A) ∼ = A l and hence C(A) is given by the algebra of matrices in (4.1). Again by Proposition 4.5, the transition and local Higgs field of (E, φ) lies in C(A) × and C(A) respectively. Let G = C(A) × ∩ SL(4) and H = C(A) ∩ sl(4). Then by the relation (4.1) which defines C(A), we see that
Therefore we get (I).
If (E, φ, s) ∈ par−Higgs sp,2 4,(a 1 ,a 2 ) (Spec (C))\par−Higgs sp,3
4,(a 1 ,a 2 ) (Spec (C)), then End((E, φ)) ∼ = C + q for a quadratic form q of rank 1 on a 3-dimensional vector space. If q is given in terms of x 1 , x 2 and x 3 , then we can assume that End((E, φ)) ∼ = C + q for q = x 2 1 . It is easy to see that for q = x 2 1 , C + q can be identified with the exterior algebra on a 2-dimensional vector space, denoted by A ′ . A ′ has generators 1, y 1 , y 2 , y 3 with the following defining relations Then the left regular representation of A ′ is given by (4) . By the same argument as the proof of (I), we see that
Therefore we get (II).
If (E, φ, s) ∈ par − Higgs sp,3
4,(a 1 ,a 2 ) (Spec (C)), then End((E, φ)) ∼ = C + q for a quadratic form q of rank 0 on a 3-dimensional vector space. Let A ′′ = C + q for this q. Then A ′′ has generator y 1 , y 2 , y 3 with the following defining relations (4) . By the same argument as the proof of (I), we see that 
Therefore we get (III).
The following proposition is the key for the conclusion in this subsection. It suffices to show that there exists a family of parabolic Higgs bundles
Note that Spec (A ′ ) and Spec (A) contain a single closed point z := Spec (A ′ /m A ′ ). Let (E 0 , φ 0 , s 0 ) := (E, φ, s)| X×{z} .
Step 1. We show that if there exists (E ′ , φ ′ , s ′ ) ∈ par−Higgs 4,(
for any x ∈ X and the values of transitions and local Higgs fields of (E ′ , φ ′ ) are in C(B ′ ) from Proposition 4.1, Lemma 4.4 and Proposition 4.6. Thus we have a canonical inclusion
is an isomorphism. Further, we see that for any ξ ∈ Spec (A ′ ),
(Spec (C)).
And by Theorem 2.11,
Thus we have
We know that p A ′ * End((E ′ , φ ′ )) is a locally free O A ′ -module of rank 4 from Lemma 4.8. On the other hand, B ′ is also a locally free O A ′ -module of rank 4. Hence Nakayama's lemma and (4.4) implies that i :
is an isomorphism.
Step 2. We construct E ′ . For this we use the same argument as Chapter 5, Proposition 17 in [18] . Let f : Spec (A ′ ) → A 2 be a morphism such that f * (W ) ∼ = B ′ . Then B ′ (resp. B := ι * B ′ ) produces the A ′ -algebra (resp. A-algebra)
We can regard B op (resp. B ′op ) as a sub-A-algebra of End(B ∨ ) (resp. a sub-A ′ -algebra of End(B ′ * )). Let {U i |i ∈ I} be an open cover of X such that E| U i is trivial,
are transitions and
are local Higgs fields where G denotes the group of invertible elements of B.
We have θ il = θ jl · θ ij for i < j < l and θ ij · φ i = φ j · θ ij . If we regard A-algebras G op and B op as A ′ -algebras G ′op and B ′op respectively, then we can choose transitions and local Higgs fields
It suffices to prove that
Since X is a curve, we have H 2 (X, F ) = 0. Thus there exists an element
As a result, Θ ij defines a locally free sheaf E ′ on X × Spec (A ′ ) such that ι * E ′ = E.
Step 3. We find
Then it suffices to show that there exist m ij , α ij , n i and β i such that
By Proposition 4.9, we have only to consider the following types of transitions and local Higgs fields of (E 0 , φ 0 ). (i) When (ii) When 
we can take
for µ, µ i and η i ∈ m A ′ such that µ 2 η 3 = η 2 µ 3 and a, a i and b i ∈ I.
Step 4. We show that s can be extended to s ′ such that
Let E and E ′ be coherent sheaves of pure dimension 1 on Z corresponding to (E, φ) and (E ′ , φ ′ ) such that Supp(E ′ ) ∩ D = ∅ and Supp(E) ∩ D = ∅ respectively using Lemma 2.2. It is an immediate consequence that the given sections : Spec (A) → E| ∨ π −1 (x 0 )×Spec (A) can be extended to a sectioñ
. Sinces is everywhere non-vanishing, s ′ is also everywhere non-vanishing. Let s and s ′ denote the sections of
We claim that (E ′ , φ ′ , s ′ ) ∈ par−Higgs 4,(a 1 ,a 2 ) (Spec (A ′ )). Since (E, φ, s) ∈ par − Higgs 4,(a 1 ,a 2 ) (Spec (A)) and both Spec (A) and Spec (A ′ ) have a single closed point z = Spec (C), it follows that (E ′ , φ ′ , s ′ )| X×{z} ∈ par − Higgs 4,(a 1 ,a 2 ) (Spec (C)). Hence there exists an open subscheme U of Spec (A ′ ), U containing z ∈ Spec (A ′ ) such that for any ξ ∈ U , (E ′ , φ ′ , s ′ )| X×{ξ} ∈ par − Higgs 4,(a 1 ,a 2 ) (Spec (C(ξ))). Here note that the set of points corresponding to parabolic stable Higgs bundles is open. Since A ′ is local, we have U = Spec (A ′ ) so that our claim is proved.
Then we have the conclusion in this subsection. 
Since A 2 is smooth, S 2 (p) is surjective. Combining this with Proposition 4.10, par − Higgs Proof. (1) The proof is identical as that of Chapter 5, Theorem 15-(i) in [18] . Let S ′ be the subset of S consisting of stable parabolic Higgs bundles (E, φ, s) such that End((E, φ)) ∼ = M (2). It suffices to show that S = S ′ .
Let (E, φ, s) be an element of S. Let E be the coherent sheaf of pure dimension 1 on Z corresponding to (E, φ) such that Supp(E) ∩ D = ∅ using Lemma 2.2.
Since
where C
((T )) is the field of fractions of C[[T ]] and C((T )) is the algebraic closure of C((T )).
It suffices to construct a flat family (F, ψ, σ) as an element of
is the inclusion. This (F, ψ, σ) gives us S ⊂ S ′ . It is obvious that S ′ ⊂ S.
It remains to prove the existence of (F, ψ, σ). Let D n := C[T ]/(T n ) for all integer n ≥ 1. This is an element of A. By Corollary 4.11, there exists a sequence (F n , ψ n , σ n ) n≥1 such that for each integer n ≥ 1 (a) (F n , ψ n , σ n ) is an element of par − Higgs
2. This sequence is equivalent to the datum of a sequence (M n ) n≥1 such that, for each integer n ≥ 1, (a) M n is a finitely generated By Proposition 4.10, we also get the inclusions i ′ n : j * n B ֒→ p n * End((F n , ψ n )) and i ′ n+1 induces i ′ n . Thus we get an inclusion B ֒→ p 0 * End ((F, ψ) ). And the natural morphism i * p 0 * End((F, ψ)) → End((E, φ)) is surjective. By Lemma 4.8, p 0 * End ((F, ψ) ) is a locally free sheaf of the same rank as a locally free subsheaf B. Hence B ∼ = p 0 * End ((F, ψ) ).
(2) The proof is identical as that of Chapter 5, Theorem 15-(ii) in [18] .
Then we get the main result. given by (E, φ, s) → (F, ψ) where (F, ψ) is the uniquely determined stable Higgs bundle such that (E, φ) ∼ = (F, ψ) ⊕ (F, ψ).
Proof. The first statement is an immediate consequence from Corollary 4.11 Proposition 4.12.
Let's prove the second statement. The universal family on X × S gives us a canonical morphism π 1 : S → M 4 . On the other hand, we have a canonical injective morphism g 1 :
2 be the image of g 1 endowed with the canonical structure of a reduced subscheme of M 4 and let g : M 2 → M ′ 2 be the canonical morphism given by g 1 . We can see that g is an isomorphism. We claim that π 1 (S) = M ′ 2 . To prove this, it suffices to show that π 1 (S ′ ) = g(M s
2 ). This assertion is immediate since we have seen from Proposition 3.5 that (E, φ, s) ∈ S ′ if and only if (E, φ) ∼ = (F, ψ) ⊕ (F, ψ) for some stable Higgs bundle (F, ψ). Since S is nonsingular, the canonical morphism S → M ′ 2 factors through a canonical morphism π S : S → M 2 . We see that π S is an isomorphism on M s 2 by Proposition 3.7 and the Zariski's main theorem.
An application
Along the line of the argument of [10] , we can get an interesting consequence as an application of Corollary 4.13. It is a comparison between S and the Kirwan's desingularization of M 2 .
5.1.
Kirwan's desingularization of M 2 . In this subsection, we briefly show that M 2 is desingularized by three blow-ups by Kirwan's algorithm for desingularizations in [11] . For more details, see [12] .
In [20, Theorem 3.8 and Theorem 4.10], C. Simpson showed that the good quotient R/ /SL(2) is M 2 where R is a quasi-projective variety which represents the moduli functor which parameterizes triples (V, φ, β) where (V, φ) is a semistable Higgs bundle with det V ∼ = O X , trφ = 0 and β is an isomorphism
He also showed that every point in R is semistable with respect to the (residual) action of SL(2), the closed orbits in R correspond to polystable Higgs bundles, i.e. (V, φ) is stable or
for L ∈ Pic 0 (X) and ψ ∈ H 0 (K X ) and the set R s of stable points with respect to the action of SL (2) The complement of R s in R consists of 4 subvarieties parameterizing strictly semistable Higgs bundles (V, φ) of the following 4 types respectively:
where L ∈ Pic 0 (X) =: J and ψ ∈ H 0 (K X ). Higgs bundles of type (ii) and (iv) are not polystable and their orbits do not appear in M 2 .
Let us first consider the locus of type (i). It is obvious from definition that the loci of type (i) in M 2 and in R are both isomorphic to the Z 2 -fixed point set J 0 ∼ = Z 
where H is the division algebra of quaternions. Next, let us look at the locus of type (iii). It is clear that the locus of type (iii) in M 2 is isomorphic to
where Z 2 acts on J by L → L −1 and on H 0 (K X ) by ψ → −ψ. The locus of type (iii) in R is a PSL(2)/C * -bundle over T * J/Z 2 − Z 2g 2 and in particular it is smooth. The singularity along the locus in M 2 of type (iii) is the hyperkähler quotient
On the other hand, we have a stratification of M;
2 . Since we have identical singularities and stratification as in O'Grady's case in [15] , we can copy his arguments almost line by line to construct the Kirwan's desingularization K of M 2 and study its blow-downs. So we skip the details but give only a brief outline.
We blow up R first along the locus of type (i) and then along the locus of type (iii). Then we delete the unstable part with respect to the action of SL (2) . After these two blow-ups the loci of types (ii) and (iv) become unstable by [11] (or more explicitly by [15, Lemma 1.7.4] ) and thus they are deleted anyway. LetR ss (resp.R s ) be the open subset of semistable (resp. stable) points after the two blow-ups. Then we have (a)R ss =R s , (b)R s is smooth. By blowing upR s one more time along the locus of points with stabilizers larger than the center Z 2 of SL (2), we obtain a varietyR whose orbit space K :=R/SL (2) is a smooth variety obtained by blowing up M 2 first along Z 2g 2 , second along the proper transform of T * J/Z 2 and third along a nonsingular subvariety lying in the proper transform of the exceptional divisor of the first blow-up. Let π K : K → M 2 be the composition of the three blow-ups. We call K the Kirwan's desingularization of M 2 .
5.2.
A comparison between S and K. Along the line of O'Grady's arguments (See [15] ), K can be contracted twice
and these contractions are actually blow-downs.
We just sketch the proof of Theorem 5.1 because it is very long but straightforward after following the argument of [10] with the necessary modifications. We begin with the following proposition.
(1) Let (E, φ) → T × X be a flat family of semistable Higgs bundles of rank 4 and degree 0 on X parametrized by a complex manifold T . Assume the following: (a) for any t ∈ T and any line bundle L of degree 0 on X, L ⊕ L is not isomorphic to a Higgs subbundle of (E| t×X , φ| t×X ) (b) there is an open dense subset T ′ of T such that
for any t ∈ T ′ . Then we have a holomorphic map τ : T → S.
(2) Suppose a holomorphic map τ : T → S is given. Suppose that T is an open subset of a nonsingular quasi-projective variety W on which a reductive group G acts such that every point in W is stable and the (smooth) geometric quotient q : W → W/G exists. Furthermore, assume that there is an open dense subset W ′ of W such that whenever t 1 , t 2 ∈ T ∩ W ′ are in the same orbit, we have τ (t 1 ) = τ (t 2 ). Then τ factors through the image of T in W/G.
Proof. Let (E t , φ t ) = (E| t×X , φ| t×X ). The only nontrivial part is to show that dim End((E t , φ t )) is an upper semi-continuous function of t. It follows from Theorem 2.11. The other part is parallel to that of Proposition 2.8 in [10] .
By Proposition 5.2, the bijection M s 2 → S ′ in Theorem 3.7 is an isomorphism. Furthermore we know that both K and S contain Zariski open subsets which are isomorphic to M s 2 from the construction of S in Proposition 4.12-(1) or from Corollary 4.13. Then we have a rational map
We first show that there is a birational morphism ρ : K → S that extends ρ ′ . By GAGA and Riemann's extension theorem, it is enough to show that ρ ′ can be extended to a continuous map with respect to the usual complex topology. Note that M 2 = R/ /SL(2) for some irreducible normal quasi-projective variety R, which was proved by C. Simpson. Here R is a fine moduli scheme of a moduli functor (See the previous subsection or [20] for more details). Luna's slice theorem tells us that for each point x ∈ M 2 \ M s 2 , there is an analytic submanifold W of R whose quotient by the stabilizer H of a point in both W and the closed orbit represented by x is analytically equivalent to a neighborhood of x in M 2 . Further, Kirwan's desingularization W / /H of W/ /H is a neighborhood of the preimage of x in K by construction. By Proposition 5.2, our strategy for the proof is to construct a nice family of semistable Higgs bundles of rank 4 parametrized by W by successive applications of elementary modifications of Higgs bundles, beginning with the family of rank 2 Higgs bundles parametrized by W , which comes from the universal object over R. Then we get a morphism W → S because S is the fine moduli scheme. Since this is invariant under the action of H, we have a morphism W / /H → S. Therefore, ρ ′ is extended to a neighborhood of the preimage of x in K.
Next, we show that ρ factors through K ǫ (See §5. 4) , that is, we have the following commutative diagram
Finally, since ρ ǫ is an isomorphism in codimension one (See Remark 5.9), Zariski's main theorem tells us that K ǫ is isomorphic to S.
5.3.
A stratification of S. In this subsection, we provide a geometric description for the canonical subschemes of S, which is useful for the proof of Theorem 5.1. The arguments are almost same as those of [2] except the necessary modifications. Since S is a fine moduli scheme, we have a family of Higgs bundles (E univ , φ univ ) of rank 4 and degree 0 on X × S. Consider the canonical family of specializations B = p S * End((E univ , φ univ )) of M (2) parametrized by S and the universal family of specializations W of M (2) parametrized by A 2 where p S : X × S → S is the projection onto the second component. Then B and W give generalized conic bundles P on S and Q on A 2 respectively. (See [2] for more details)
Proof. This is an immediate consequence of the definitions of π sp , B and W .
and S ⊃ S 1 ⊃ S 2 ⊃ S 3 associated to the degeneracy locus of Q and P respectively. Then, by Propo-
By Theorem 1 in [17] , we have A 2 ≃ Φ × Λ, where Λ is the 3-dimensional affine space and Φ is the 6-dimensional affine space whose points are identified with the set of quadratic forms on a fixed 3-dimensional vector space or the set of algebras of the form C + q associated to the quadratic form q. Hence we have (A 2 ) i = {q ∈ Φ|rank q ≤ 3 − i} × C 3 for i = 1, 2, 3. Furthermore, 
2 ) of S are mapped by π sp into the subsets A 2 − (A 2 ) 1 and (A 2 ) 1 − (A 2 ) 2 of A 2 respectively. We already know that (E, φ, s) ∈ π
2 ), End((E, φ)) has the same defining relations as that of C + q for a quadratic form q of rank 2 on a 3-dimensional vector space. By the definition of π S , the endomorphism algebras of any two points in a fibre π
It is obvious that points of this type are in π
2 ). By (5.1) and (5.2), we can see that End((V, φ V ) ⊕ (W, φ W )) has four generators, which can be written as the following block matrices
where I is the 2 × 2 identity matrix and γ 1 , γ 2 are the 2 × 2 matrices coming from identification of the rank 1 Higgs bundles in (5.1) and (5.2).
Here we need to show that End((V, φ V )) = C · id V precisely. First of all we show that End(V ) = C · id V . Consider an arbitrary nontrivial morphism
Coming back to the main proof, the defining relations of End((V, φ V ) ⊕ (W, φ W )) can be written as
3) w 2 = x 2 = wx = 0, uw = w, wu = 0, ux = 0, xu = x, vw = 0, wv = w, vx = x, xv = 0. If q is a quadratic form of rank 2 on a 3-dimensional vector space over C, then it is easy to see that C + q is a 4-dimensional C-algebra with C
If we put a = 
2 . The vector bundle to which this is associated has fibre at any (L, (2) andD (3) be the restrictions of D 1 , D 2 and D 3 to a neighborhood of the preimage of 0 in K respectively. For the proof, we should interpret the isomorphism classes of Higgs bundles onD (1) ,D (2) andD (3) . In the construction of ρ in §5.2, we made a nice family of semistable Higgs bundles of rank 4 parametrized by W by successive applications of elementary modifications of Higgs bundles. OverD 
where the cocycles 
and the local Higgs fields
We need the following two lemmas for the proof. Proof. The proofs of (1) and (2) D (1) ∪D (3) ). Hence, ρ ǫ is an isomorphism in codimension one.
Towards Betti numbers of S
In [23] , we compute a conjectural closed formula of the intersection Poincaré
when all the intersection cohomologies IH i (M 2 ) of M 2 have the middle perversity and the rational coefficient. This is a polynomial with degree 6g − 6. To get this formula, we also compute a conjectural closed formula of the Poincaré series P t (R s /SL(2)) = (2)) whereR s /SL(2) is the second blow-up of M 2 in
Kirwan's algorithm of §5.1. This is a polynomial with degree 12g − 14. By Proposition 4.2 in [12] and the construction of K σ and K ǫ , we can give explicit descriptions of K and K σ as blow-ups. Since K is the blow-up of R s /SL(2) along a subvariety isomorphic to 2 2g copies of a P 2 -bundle over Gr ω (2, 2g), P t (K) = P t (R s /SL(2)) + 2 2g (1 + t 2 + t 4 )P t (Gr ω (2, 2g))(t 2 + t 4 + · · · + t 4g−8 ).
Since K is the blow-up of K σ along 2 2g copies of a P 2g−4 -bundle over Gr ω (2, 2g), P t (K σ ) = P t (K) − 2 2g (1 + t 2 + · · · + t 4g−8 )P t (Gr ω (2, 2g))(t 2 + t 4 ).
Since K σ is the blow-up of K ǫ along 2 2g copies of Gr ω (3, 2g) and K ǫ ∼ = S by Theorem 5.1, P t (S) = P t (K σ ) − 2 2g P t (Gr ω (3, 2g))(t 2 + · · · + t 10 ) = P t (R s /SL(2)) − 2 2g t 2 (1 − t 4g−4 )(1 − t 4g−2 )(1 − t 4g ) (1 − t 2 ) 2 (1 − t 6 ) , which gives us a conjectural closed formula of P t (S). This is a polynomial with degree 12g − 18, which gives us conjectural Betti numbers of S in all degrees.
